Our system is modelled by a succession of slabs, each representing a particle at a given position, . The separation between the particles − and is characterized by an accumulated phase, . The field along the structure is described by its forward and backward components � + − � . The reflection and transmission coefficients in amplitude of the whole system are referred to as and , respectively.
The wave propagation along the waveguide is described by a Transfer Matrix (TM) approach schematically illustrated above. Each particle is labelled by an index ∈ [1, ] and we define • the position of each particle
• � +1 + +1 − � the forward and backward components of the complex wave after the th particle
• Φ the phase accumulated between the particles − 1 and
• the reflection coefficient in amplitude of the whole system
• the transmission coefficient in amplitude of the whole system From the particles − 1 to , the wave successively accumulates a phase Φ and then is scattered by the particle . The scattering by an individual particle is described by 3 transfer matrices:
The transmission from air to particle
where and stand for the transmission and reflection at the air/particle interface, respectively. The propagation inside the particle
where stands for the phase accumulated across the particle.
The transmission from particle to air
where ′ = and ′ = − stand for the transmission and reflection at the particle/air interface, respectively.
We note the TM modelling this scattering defined as We note the reflection coefficient in intensity of each particle and find that
Hence, the field propagation along the structure satisfies
(S6) = 2 /(1 + ( − 1) ), which describes the mechanical steady-state relation for the whole structure. The inertia of the particles is negligible with respect to the viscosity of the fluid (see Methods section in main text). Hence, the kinetic energy transferred to the particles is very weak. As a result, the energy of the wave is preserved along the system and satisfies
At steady state, all the particles share the same speed and we note the pressure force exerted on each particle. The force applied to the system composed of the particles is . The acoustic pressure is defined as the drop of momentum (i.e. averaged intensity) across the system, such that = 〈 1 〉 − 〈 +1 〉 = 1 + − = 2 (S8)
On the last particle (i.e. = ), equation (S6) reads
The force = 〈 〉 − 〈 +1 〉 may be obtained by inverting equation (S9) = (| 11 | 2 + | 12 | 2 − 1) = 2 | 12 | 2 (S10)
Since the forces on each particle are equal, combining equations (S8) and (S10) leads to = 2 1 + ( − 1) and = 1 + ( − 1)
Derivation of equation (1)
We consider a system composed of the first − 1 particles. The total force exerted onto this system reads ( − 1) and satisfies
Since = 2 , we deduce that the average field fulfils the arithmetic decay of equation (1)
Derivation of equation (2)
Using equation (S6), the force on the th particle may be recast as
where � stands for the Hermitian transpose of . Using the properties of , the matrix � introduced in equation (S12) reads � = � 2| 12 | 2 + 1 2 11 ����� 12 2 11 12 ����� 2| 12 | 2 + 1 � (S13) Therefore, may be written as
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Since 12 ����� = − 12 , equation (S14) simplifies as follows = −2| 12 | 2 (| + | 2 + | − | 2 ) + 4 ( 11 12
Using equation (S5), we deduce that
where Φ stands for the argument of . In the manuscript we use the notation Φ = Φ 11 to stress that Φ corresponds to the phase acquired by the scattering from a single particle. To extract the phase Φ encoded in equation (S15), we introduce two real sequences ( , ) defined as
Injecting equation (S17) in equation (S15) and using the relation
Using the propagation relation described in equation (S6), we are able to derive a recursive relation 7 SUPPLEMENTARY INFORMATION DOI: 10.1038/NMAT4920 7 + = 2(Φ +Φ 11 ) (−| 11 | 2 | 12 | 2 〈 −1 〉 + −1 (1 + 2| 12 | 2 ) + −1 ) (S19)
The relation described in equation (S19) can be simplified as
We now derive the modulus of equation (S20)
Therefore, we can recursively link −1
By inverting equation (S9) we prove that 11 12 + − ���� 2Φ is real and thus = 0. As shown in equation (S18), the sequence is an arithmetic sequence. As a result, we deduce the expression of the sequence 2
The knowledge of sequences ( , 2 ) leads to the expression of the phase organization from equation (S20) 2( + Φ 11 ) = + acos � � 2 + 2 � + acos � − 2
where we use the fact that > /2 and introduce the function ( ≥ 0) = 1 and ( < 0) = −1. We deduce from equation (S25) 
Since we know that 2 − < 0 , the left hand side of equation (S28) must be restricted to the interval � 2 ; 3 2 �. Since 0 < − 2 + , we deduce that acos �(− 2 + )/ � 2 + 2 � ∈ �0, 2 �. Therefore, the only solution for the right hand side term of equation (S28) corresponds to ( ) = ( −1 ). We know that ( ) = 1, therefore, we deduce that ≥ 0 ∀ ∈ [1, ].
Using the relation | 12 | 2 = /(1 − ), we establish the equation (2) of the manuscript
Derivation of equation (3)
In the limit of → ∞ and considering particles close to the source the residual phase between particles described in equation (2) converges to: Ψ + Φ → − asin(√ ). If we consider a system where the p are identical, then this geometry corresponds to a Bloch crystal, which supports only two types of modes: propagating modes (wavevector ∈ ℝ and 〈 〉 constant) and evanescent modes ( ∈ ℂ and 〈 〉 exponentially decaying) 2 . We know from equation (1) that 〈 〉 decays linearly and thus corresponds to a complex wavevector with a very small ( ), converging to 0 + for → ∞. The transition between ∈ ℝ and ∈ ℂ ultimately corresponds to the edge of a bandgap and thus an infinitely long exponential decay. In other words, the steadystate organization that we experimentally and theoretically observe has to coincide with the emergence of a bandgap with an edge enslaved to 0 .
Moreover (see equation (S29)), the bandgap is obtained for Bloch phases (i.e. phase across one period) in the vicinity of multiple of . In terms of phase, the two edges of the bandgap are sitting on both sides of -the first band edge corresponds to a phase below and the second one to a phases above . The residual phase of our equivalent Bloch crystal reads, Ψ + Φ → − asin(√ ), which is below . Since the phase is inversely proportional to the wavelength, the band edge at 0 has to coincide with the higher wavelength edge, + .
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The band gap, whose existence has been predicted above, can also be quantitatively estimated for relatively long structures. At the excitation wavelength, 0 , and for a large set of particles, we know from equation (2) that the residual phase converges to a uniform distribution: Ψ + Φ → Φ = − asin�√ �. In this limit, we know that the system may be described by an effective Bloch crystal. At = 0 the total effective phase between particles is approximated by Φ + Φ = ( ̅ + 1) − asin�√ �, where ̅ stands for the median of the extra phase distribution as introduced in the manuscript. For wavelengths close to 0 , we assume Φ to be constant and approximate the total phase by Φ (λ) + Φ = �( ̅ + 1) − asin�√ �� 0 .
Using equation (S6), the propagation along one effective Bloch period can be expressed as
Each eigenmode of equation ( 
where stands for the corresponding eigenvalue. From equation (S31), we deduce that any eigenvalue is a solution to the second order polynomial:
An entirely complex solution of equation (S32) is equivalent to a real wavevector , which corresponds to a propagating mode. An entirely real is equivalent to a complex , which corresponds to an evanescent mode. A transmission bandgap coincides with a continuous wavelength range of evanescent modes. The extremities of the band, or band edges, are labelled ± and correspond to a zero discriminant for the polynomial defined in equation (S32). The band edges may be obtained by solving | 11 | 2 cos 2 (Φ(λ ± ) + Φ ) = 1 (S33)
Using the relation | 11 | 2 = 1 1− , equation (S33) can be recast as
The phase 2(Φ + Φ ) is close to 2 ( ̅ + 1). Therefore, the band-edge wavelengths have to fulfil 2(Φ(λ ± ) + Φ ) = 2 ( ̅ + 1) ± acos(1 − 2 )
From the relation shown in equation (S35), we derive
Since asin( ) = , comparing the experiment (black data) with numeric model (red line).
The general trend is for the kinetic energy to peak during assembly and then reduce in time as the structure approaches steady state. , a funnel (clear cone shape) feeding the sound waves into a 2-meter long acrylic tube (centre) that is terminated with an output funnel filled with absorbing cotton (black cone shape). Inserted into the tube are scattering particles (blue) sitting in a fluid meniscus. A web camera is set above the setup to track the motion of the particles in time and a microphone is inserted into the output funnel to sample transmission spectra during dynamic self-assembly. Plotted is the autocorrelation of the transmission spectrum as a function of a single scattering particle's position along the waveguide. The spectrum at later times are correlated to the spectrum when = 0. Oscillations in the autocorrelation as a function of are due to Fabry-Perot resonances arising between the particle reflection and the input speaker. Introducing a tapered cotton absorber reduces these resonances, which do not affect the dynamic self-assembly but can contribute to spectral anomalies during self-assembly with more particles. Figure 11 | Image of a typical scattering particle used in the experiments. The body consists of a blue cylinder made from a plastic straw, which is sealed on top and bottom with plastic. The base consists of a plastic plate that sits in the fluid meniscus.
SUPPLEMENTARY INFORMATION
DOI
Supplementary

